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Abstract-In this paper, we introduce a new concept called ‘a pair of coincident invariant mea- 
sures’ and establish the existence of coincident invariant measures for set-valued dynamical systems, 
As applications, we first give the existence of minimal invariant measures (see definition below) for a 
set-valued mapping, and then set-valued versions of Poincare’s recurrence theorems are also derived. 
Keywords--Coincident invariant measure, Set-valued dynamical system, Poincare recurrence the- 
orem. 
:I. INTRODUCTION AND PRELIMINARY 
In recent years, the study of set-valued dynamical systems has received much attention; e.g., 
see [l-3] and so on. In particular, as an application of the Fan-Glicksberg fixed point theorem, 
Aubin, Frankowski and Lasota [4] established the existence of invariant measures for set-valued 
dynamical systems, and they also gave a set-valued version of the Poincare recurrence theorem. 
In this paper, we follow the fixed point method used in (41 to study the existence of coinci- 
dent invariant measures for two set-valued dynamical systems which are either upper or lower 
semicontinuous. As applications, we first give the existence of minimal invariant measures (see 
Definition 3 below) for set-valued mappings, and then the set-valued version of Poincare’s recur- 
rence theorem is also given. 
Now we first recall and introduce some notation. Let X be a topological space and 2x denote 
the family of all subsets of X. A set-valued dynamical system is a set-valued mapping F : X + 2x 
which has nonempty values. Of course, a set,-valued dynamical system includes the usual dynam- 
ical system which is a single-valued mapping as a special case. 
Throughout this paper, we shall denote by D(X) th e a-algebra of Bore1 sets of a topological 
space X; &a(X) and P(X) d enote the family of all Radon measures and probability measures 
on X, respectively. We recall that if f : X - X is a single-valued mapping with nonempty values, 
an invariant probability measure p E P(X) off is defined by p(A) = p(f-l(A)) for all A E B(X). 
Now suppose 17 : X + 2 x is a set-valued dynamical system. Since for a given measure 
I_L E P(X), the mapping A H p(F-‘(A)) f rom a(X) to Iw may not be a measure, the above 
definition cannot lbe extended to set-valued dynamical systems. In order to study the existence of 
invariant measures for set-valued dynamical systems, Aubin et al. in [4] introduced the following 
definition of an invariant measure for set-valued dynamical systems. 
*Author to whom al:; correspondence should be addressed. 
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DEFINITION 1. See 141. Let X be a nonempty set and F : X -+ 2x a set-valued dynamical 
system. A measure p E P(X) is said to be an invariant measure of F if 
P(A) 5 P (F-l(A)) 1 
for each A E B(X), where F-l(A) := {x E X : F(z) n A # 0). 
Of course, Definition 1 includes the classical definition of an invariant measure for a (single- 
valued) dynamical system as a special case (indeed, if F is a single-valued mapping, by applying 
Definition 1 to both A and its complement, we obtain the equality). Having in mind the fact that 
not all dynamical systems are self-mapping, we shall introduce the concept ‘coincident invariant 
measures’ of two set-valued dynamical systems and study the existence theorems of coincident 
invariant measures for two set-valued dynamical systems as applications of fixed point theorems. 
Now we introduce the following definition. 
DEFINITION 2. Let X and Y be two topological spaces. Let FI : X + 2y and Fz : Y -+ 2x be 
two set-valued dynamical systems. Then two measures ,u E P(X) and v E P(Y) are said to be a 
pair of coincident invariant measures of FI and F2 if 
44 I P (F?(A)) and P(B) 5 v (F;l(B)), 
for each A E B(Y) and each B E B(X). 
When X := Y, taking Fz as an identity mapping in Definition 2, we can see that p = u. Indeed, 
if we replace B by its complement, we have that p(B’) 1. v(BC). Then we have p(B) = y(B), 
for all B E a(X), which implies that 1-1 = u. Therefore, the concept of the ‘coincident invariant 
measure’ includes the concept of the invariant measure given by Aubin et al. in [4] as a special 
case. We also recall that a set-valued mapping F from a topological space X to another space Y 
is said to be measurable if the set {Z E X : F(z) n A # 0) E B(X) for each nonempty closed 
subset A of Y. It is clear that each upper semicontinuous set-valued mapping is measurable. 
2. EXISTENCE OF INVARIANT MEASURES 
OF SET-VALUED MAPPINGS 
In this section, we shall prove the existence of coincident invariant measures for set-valued 
dynamical systems by employing the Fan-Glicksberg fixed point theorem in [5] (see, also [S]). In 
order to do so, we first recall some facts. 
Let X and Y be two compact topological spaces and C(X) (respectively, C(Y)) a space of all 
continuous functions defined on X (respectively, Y) with supremum norm. We recall that the 
dual space C*(X) of C(X) is isomorphic to the space (denoted by) Rca of all Radon measures 
on X by the Riesz representation theorem (e.g., see Theorem IV.6.3.3 of Dunford and Schwartz in 
[7, p. 2651). Hence, a given dynamical system F : X 4 2y (it may be single-valued or set-valued) 
can be extended to a set-valued mapping F : C*(X) -+ 2c*(y) by the following definition: 
F’(p) := {Y E Rca(Y) : v(B) < p (F-l(B)), for all B E f3(Y)}, (1) 
for each p E Rca(X) (due to the fact that Rca(X) is isomorphic to C*(X)). When F is a 
measurable mapping with nonempty closed values, note that the set F(p) is not empty for each 
p E Rca(X), as the measurability of F implies that there exists at least one single-valued mapping 
f : X + Y which is a measurable selection of F (e.g., see [8]) such that &-l(A)) 5 p(F-l(A)) 
for all A E B(Y). Now define a measure vf by vf(A) := ,@-‘(A)) for each A E a(X). Then it 
is clear that of E 3(p). 
Before we consider existence theorems of coincident invariant measures for two set-valued 
dynamical systems, we need the following result, the proof of which can be found in (4, Proposi- 
tion 1.21). For the readers’ convenience, we state it here as Lemma 2.1. 
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LEMMA 2.1. Let X and Y be two compact metric spaces and F : X -+ 2 y an upper semicontinu- 
ous mapping with nonempty closed values. Then the mapping 7 : C*(X) -+ 2c*(y) \ (0) defined 
by the formula (1) above has a convex and closed graph (so that it is also upper semicontinuous 
with nonempty closed and convex values) when both C*(X) and C*(Y) are equipped with weak-* 
topologies. Moreover, the restriction of the graph of .7= to P(X) x P(Y) is weak-* closed, i.e., 
F(P(X)) c P(Y), 
Now we have the following theorem. 
THEOREM 2.2. Let X and Y be both compact metric spaces. Suppose that Fl : X + 2y and 
Fz : Y -+ 2x are upper semicontinuous set-valued dynamical systems with nonempty closed 
values. Then there exist p E P(X) and v E P(Y) such that 
v(A) I CL (F,-‘(A)) and p(B) 5 v (F;‘(B)), 
for all A E f?(Y) and B E B(X), i.e., there exists a pair of coincident invariant measures of Fl 
and Fz. 
PROOF. By equipping both C*(X) and C*(Y) with weak-* topologies, define .7=1 : C*(X) + 
2c*(y) and 32 : C*(Y) -+ Zc*cx) by 
&(p) := {Z E &U(Y) : Z(A) 5 p (F;‘(A)), for all A E a(Y)} 
and 
F::!(Y) := {z E &a(X) : z(B) 5 v (F;‘(B)), for all B E /3(X)} 
for each CL E &u(X) and v E &u(Y). By Lemma 2.1, both 31 and 32 are upper semicontinuous 
with nonempty closed and convex values. Now define a set-valued mapping F : C”(X) x C*(Y) + 
2c’(“)Xc’(y) by 
for each (p, V) E &a(X) x &a(Y). Then F is also upper semicontinuous with nonempty closed 
and convex values under the weak-* topologies of both C*(X) and C*(Y). As X is compact, both 
P(X) and P(Y) are weakly compact and convex by Proposition 52.1 of [9] (see also Theorem 6.4 
of [lo, p. 451). Thus, both P(X) and P(Y) are weak-* compact and convex subsets of C*(X) 
and C*(Y), respectively. As 3(P(X) x P(Y)) c P(X) x P(Y), without loss of generality, we can 
replace C*(X) and C*(Y) by P(X) and P(Y), respectively. By the Fan-Glicksberg fixed point 
theorem, it follows that there exists W := (p, V) E P(X) x P(Y) such that (cl, V) E F(p, v). By 
the definition of F, we have that 
v(A) I P (F,_‘(A)) and P(B) I v (F;l(B)) , 
for all A E B(Y) and B E a(X), and thus (11, V) is a pair of coincident invariant measures of Fl 
and F2. I 
In order to generalize Theorem 2.2 into a noncompact setting, we recall that a mapping F : 
X -+ 2y is said to be compact if there exists a compact subset Yo of Y such that F(X) := 
Uz~~F(z) c Yo, where both X and Y are topological spaces. Now we have the following 
theorem. 
THEOREM 2.3. Let X and Y be two metric spaces. Suppose that Fl : X -+ 2y and F2 : Y ---f 2x 
are compact upper semicontinuous set-valued dynamical systems with nonempty closed values. 
Then there exists a pair of coincident invariant measures p’ E P(X) and Y’ E P(Y) such that 
v’(A) I /L’ (F;l(A)) and p’(B) I V’ (F;‘(B)) , 
for all A E B(Y) and B E B(X). 
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PROOF. As FI and FZ are compact, there exist nonempty compact subsets YO of Y and X0 of X . 
such that Fl(X) c YO and Fz(Y) c X0. We denote by FI and PZ the restriction of mappings Fl 
and F2 to X0 and Yo, respectively. Then we have that fil (X0) C YO and fin C X0. By 
Theorem 2.2, there exists a pair of coincident invariant measures p E P(X0) and v E P(Y0) such 
that 
v(A) I p (&-‘(A)) and p(B) 5 y (k;‘(B)), 
for all A E B(Yo) and B E B(Xo). Define p’ : l?(X) -+ R and Y’ : 23(Y) --f R by 
p’(A) := /1(A n Xo) and v’(B) := v(B n Yo), 
for all A E B(X) and B E B(Y). Th en it is clear that p’ E P(X) and u’ E P(Y). Now we claim 
that (h’, v’) is a pair of coincident invariant measures for both mappings Fl and F2. Indeed, for 
each A E B(Y), we have that 
v’(A) = v(A n Yo) 5 p (&-‘(A n Yo,) 
< p (&‘(A) 11 &;‘(Yo)) - ( as &-‘(A n Yo) c &l(A) n &yl(Yo)) 
= p (&-‘(A) n x0) = p (F;~(A) n x0) 
= P’ (F,-‘(A)) 
by the definition of p’. Similarly, we can show that p’(B) < v’(FF’(B)) for each B E l?(X). 
Thus, (,u’, v’) is a pair of coincident invariant measures for Fl and F2, and we complete the 
proof. I 
As an application of Theorem 2.3, we have the following existence theorem of invariant measures 
for upper semicontinuous set-valued dynamical systems defined on noncompact domains. 
THEOREM 2.4. Let X be a metric space and F : X + 2x a set-valued dynamics which is compact 
and upper semicontinuous with nonempty closed values. Then F has an invariant measure, i.e., 
there exists a I_L E P(X) such that p(A) 5 ~_L(F-l(A)), for all A E f3(X). 
PROOF. Let X := Y, Fl := F and F2 be an identity mapping. Then Theorem 2.3 follows that 
there exist p E P(X) and v E P(X) such that v(B) < p(Fyl(B)) and p(A) 5 v(A), for all B 
and A in f3(X). It follows that p = V. Thus 1-1 is an invariant measure of F and the proof is 
completed. I 
Since for a given upper semicontinuous mapping F with nonempty and compact values, the 
image of each compact set under the mapping F is also compact (for instance, see [ll]), it follows 
that Theorem 2.4 generalizes the corresponding existence Theorem 2.1 of invariant measures for 
the set-valued dynamical system given by Aubin et al. [4] into a noncompact setting. 
When both Fl and F2 are single-valued mappings in Theorem 2.2, we have the following 
existence of invariant measures for single-valued dynamical systems. 
COROLLARY 2.5. Let X and Y be both metric spaces. Suppose that fl : X -+ Y and f2 : Y + X 
are compact and continuous (single-valued) dynamical systems with nonempty values. Then there 
exist /I E P(X) and v E P(Y) such that 
v(A) = p (f?(A)) and p(B) = y (f;‘(B)), 
for all A E f3(Y) and B E f3(X). 
PROOF. As each continuous single-valued mapping is upper semicontinuous, the conclusion fol- 
lows from Theorem 2.2 and we complete the proof. I 
As a special case of Corollary 2.5, we also have the following corollary. 
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COROLLARY 2.6. Let X be a metric space and f : X + X a (single-valued) dynamical system 
which is compact and continuous. Then f has an invariant measure, i.e., there exists a p E P(X) 
such that p(A) = p(f-l(A)) for all A E B(X). 
PROOF. It is an immediate consequence of Theorem 2.4. I 
When X is compact, Corollary 2.6 reduces to the classical existence theorem of invariant 
measures for single-valued dynamical systems, e.g., see [12,13] and related references therein. 
So far, we have discussed some existence of invariant measures for upper semicontinuous set- 
valued dynamics. In what follows, we shall give one existence of coincident invariant measures 
of two set-valued dynamics which are lower semicontinuous with nonempty closed and convex 
values. 
THEOREM 2.7. Let X and Y be nonempty subsets of Banach space El and E2. Suppose Fl : 
X -+ 2y and F2 : Y ---t 2x \ (8) are two set-valued dynamics which are compact and lower 
semicontinuous set-valued with nonempty closed and convex values. Then Fl and F2 have a pair 
of coincident invariant measures, i.e., there exist I_L E P(X) and v E P(Y) such that 
u(A) I P (F;‘(A)) and P(B) 5 u (F;l(B)) , 
for all A E B(Y) <and B E B(X). 
PROOF. Since both Fl and Fz are lower semicontinuous with nonempty closed and convex val- 
ues, by Michael’s selection theorem in [14, Theorem 3.2”], there exist continuous (single-valued) 
mappings fi : X -+ Y and f2 : Y + X which are continuous selections of Fl and Fz, respectively. 
As Fl and Fz are compact, fi and fi are also compact. Now Corollary 2.5 above implies that 
there exist p E P(X) and v E P(Y) such that 
P(B) 5 P (KW)) and u(A) i u (.&l(A)), 
for all A E B(Y) and A E B(X). As ~(f~l(B)) < p(Fcl(B)) and v(f~‘(A)) 5 v(Fcl(A)) for 
each A E B(Y) and each B E f?(X), we have that 
d-4 I P (F?(A)) and P(B) L u (F;l(B)) , 
for all A E B(Y) and B E B(X). Thus (cl, ) v 1s a coincident invariant measure of FL and F2, and 
the proof is completed. I 
For a given set-valued dynamical system, we now consider the existence of a minimal dynamical 
system and the invariant measure associated with the minimal dynamical system. 
3. MINIMAL INVARIANT MEASURES 
Let X and Y he two spaces and F : X -+ 2’ a set-valued mapping. Then a mapping (not 
necessarily single-valued) G : X + 2 y is said to be a selection of F if G(z) c F(z) for all 2 E X. 
DEFINITION 3. Let X and Y be two spaces and F : X + 2’ a set-valued mapping. Then a 
selection mapping (not necessarily single-valued) M : X + 2 y is said to be a minimal selection 
of F provided for each selection G of F with G(z) c M(x), for all x E X, then G(z) = M(x) for 
each x E X. Each invariant measure of a minimal selection of F is said to be a minimal invariant 
measure of F. 
From the definition above, it is easy to see that a minimal invariant measure of F is an invariant 
measure of F. Now we have the following theorem. 
THEOREM 3.1. Let X be a metric space and F : X + 2” be compact and upper semicontinuous 
with nonempty dosed values. Then there exist a minimal upper semicontinuous mapping M : 
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x -+ 2x and p E P(X) such that CL is an invariant measure of M, i.e., p is a minimal invariant 
measure of F. 
PROOF. We shall first prove the existence of a minimal upper semicontinuous dynamical sys- 
tem M by Zorn’s Lemma. Let 3 be the family consisting of all upper semicontinuous selections 
of the mapping F with nonempty closed values. Then 3 is nonempty as F E 3. Suppose 3 
is ordered by inclusion. We claim that 3 has a minimal element. To this end let {Mi : i E I} 
be a chain in 3. Define a mapping Ma : X -+ 2x by Ma(z) := ~e:rMi(z) for each 2 E X. 
As F is compact, {Mi(z) : i E I} is a family of compact subsets of X with finite intersection 
property, thus Me(s) = f~ielMi(z) # 0 f or each x E X. Note that Mi is upper semicontinuous 
with nonempty closed values, SO that the GraphGi of Gi is closed for each i E I. Therefore 
the GraphMa of MO is closed as GraphMa = flier GraphMi. As F is compact, there exists a 
nonempty compact subset X0 of X such that MO : X 4 2xo. Note that the graph of MO is closed, 
so that MO is upper semicontinuous with nonempty compact values by Theorem 7.1.16 of Klein 
and Thompson in [l l] ( see also [15]). By applying Zorn’s Lemma, 3 has a minimal element M 
which is also upper semicontinuous (maybe set-valued or single-valued) with nonempty compact 
values. Now by Theorem 2.4, there exists a I_L E P(X) such that p is an invariant measure of M, 
and thus we complete the proof. I 
REMARK 3.2. There is a large class of mappings F : X + 2x with nonempty values such that F 
has a continuous single-valued selection (e.g., see [14,15]). Such F has, therefore, a minimal 
invariant measure. 
4. THE SET-VALUED VERSION OF 
POINCARE’S RECURRENCE THEOREMS 
As applications of existence theorems of invariant measures in Section 2, we shall give set- 
valued versions of Poincare’s recurrence theorem for upper or lower semicontinuous set-valued 
dynamical systems. 
THEOREM 4.1. Let X and Y be two metric spaces and Fl : X -+ 2y and F2 : Y -+ 2x two 
compact and upper semicontinuous set-valued mappings with nonempty closed values. Then 
there exist p E P(X) and v E P(Y) such that for each A E B(Y) and B E a(X) with v(A) > 0 
and p(B) > 0, we have that: 
P(B l-l Boa) = /-J(B) and v(A n A,) = v(A), 
where B, := nmro u,~, (Fz 0 Fd+(B), and A, := nmzo u,~, (Fl 0 F2)-“(A). 
PROOF. By Theorem 2.2, there exist p E P(X) and v E P(Y) such that 
49 L P (F,-‘(A)) and P(B) I v (F;‘(B)), 
for all A E B(Y) and B E B(X). Now define F’ : Y + 2y and F2 : X + 2x by 
F’(y) := Fi 0 F~(Y) and F2(x) := F2 o Fl(x), 
for each y E Y and x E X. Now we follow the method used in [4] (see also [16]) to prove 
the conclusion. Suppose A E B(Y) and B E (X) with p(B) > 0 and v(A) > 0. Let B, := 
U ,Q~(F~)-“(B) for each m > 0; and A,,, := U,?, (F1)-“(A) for each m 2 0. Then B c Bo, 
A c A,; and both {B m } Mao and {A,},,+0 are decreasing families, where Bo := B, A0 := A; 
B, = (F2)-“(B) and A, = (F’)-“(B). It is also clear that F’ and F2 have invariant 
measures v and CL, respectively. Thus we have the following inequalities: 
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and 
v(A) 5v((F2)-‘(A)) 5 . . . <v((F2)-“(A)) . . . ; 
then they imply that 
P(BO) i P ( pl>-” (Ro)) = PL(&d i PL(BO) 
and 
4-40) 5 v ((J’“) -m MO)) = 4-L) 5 4Ao). 
Therefore, Ba = B,, A0 = A, a.e. for each m = 1,2,.  . As the sequence {Bm}me~ and 
{Am}mE~ are decreasing, we must have that p(B,) = I and v(A,) = v(Ao) a.e. Thus, 
B n B, = B n B. a.e. and A n A, = A n A0 a.e., which implies that p(B n B,) = p(B n Bo) 
and v(AnA,)= Lf(AnAo). Since B. c B and A0 c A, so that p(B n B,) = I_L(B n Bo) = p(B) 
and v(A n A,) = p(A n Ao) = h(A), the proof is completed. I 
As an application of Theorem 2.7 instead of Theorem 2.2, we have the following set-valued 
version of Poincare’s recurrence theorem. As the proof is the same as Theorem 4.1, we omit its 
proof. 
THEOREM 4.2. Let X and Y be two metric spaces and FI : X -+ 2y and Fz : Y - 2x two 
set-valued dynamical systems which are both compact and lower semicontinuous with nonempty 
closed and convex values. Then there exist ,u E P(X) and v E P(Y) such that for each A E 23(Y) 
and B E a(X) with v(A) > 0 and ,u(B) > 0, we have that: 
p(B n &) = P(B). and v(A n &,) = L/(A), 
where B, := n,,, unzm (Fz o Fl)+(B), and A, := fl,>o Un>m (FI 0 Fz)-“(A). - - - 
As special cases of Theorem 4.1 and Theorem 4.2, we also have the following corollaries. 
COROLLARY 4.3. Let X be a convex subset of a Banach space and F : X --f 2x be a set-valued 
dynamical system which is compact and upper semicontinuous with nonempty closed values. 
Then there exists an invariant measure p E P(X) such that for each B E B(X) with p(B) > 0, 
we have 
p(B n B,) = p(B), 
where B, := fl,>o U,?, - F+(B) for each B E B(X). 
COROLLARY 4.4. Let X be a convex subset of a Banach space and F : X -+ 2x be a set-valued 
dynamical system which is compact and lower semicontinuous with nonempty closed and convex 
values. Then there exists an invariant measure p E P(X) such that for each B E B(X) with 
p(B) > 0, we have 
/-4B n B,) = CL(B), 
where B, := rT,,o lJ,lm F+(B) for each B E B(X). 
Finally, we wish to note that Corollary 4.3 also generalizes the set-valued version of Poincare’s 
recurrence theorem given by Aubin et al. [4, Theorem 2.21 which, in turn, is a set-valued version of 
Poincare’s recurrence theorem (e.g., see [17,18]). F or more recent study of the Poincare recurrence 
theorem of (single-valued) dynamical systems and its various applications, the interested reader 
is referred to [12,16,19,20] and references therein. 
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